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The generators and irreducible-representation and coherent state of the two-
parameter deformed (g, s-deformed) quasi-SU(1,1),, group are constructed by
using the inverse operators of the ¢, s-deformed bosonic oscillator, and the
inhomogeneous inverse differential realization of the ¢, s-deformed quasi-
SU(1,1),,, group is derived.

The boson realization approach is very effective for studying the repre-
sentation of groups, and the boson realization usually can be obtained from
the creation and annihilation operators of the bosonic oscillator, as in the
Jordan—Schwinger realization, etc. The nature of the inverse operator of the
bosonic oscillator (Dirac, 1966) has also been studied, and some new results
have been given (Mehta et al., 1992; Fan, 1993, 1994). On the basis of Yu
and Liu (1997, 1998, 1999), the present paper studies the inhomogeneous
inverse differential realization of the ¢, s-deformed quasi-SU(1,1),, group
by using the inverse operator of the ¢, s-deformed bosonic oscillator.

We first introduce four independent ¢, s-deformed bosonic oscillators
as follows (Jing, 1993; Jing and Cuypers, 1993):

a

afa; = [nfly  aiai = [nf + 1
[n{, a?’] =a;, [nf, ai] = —a; (i=1,2) (D)

bib; = [nl]™',  bibit = [0} + 140,
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[n?, b1 =0bF, [nh b= —b  (i=12) (2)
They satisfy the following commutative relations:
aiai — s_lq afa; = (sq)_"?,
aial = (sq) ' afa; = ("' (i=1,2) 3)
bibl = sq bibi = (sg7Y (i=1,2) @)

where we have used the notations [x],s = s' [x] = s' ™(¢" — ¢ (g — ¢7")
and [x],! = s [«].

Similar to Fan’s work (Fan, 1994) and our recent result (Yu and Liu,
1999), it is easy to get the inverses of the operators a;, a;i” and b;, b;" as follows:

iﬁ\n + Iy
iﬁ‘n + 1)(n| (5)
()™ = iﬁ\nxn +1
o=, T e+ ©)

1

ai

>

bt

>

we get

a;a;’

(a7 'at =1, b = (b)) 7' =1 (7)
. b= b ()T =1~ oo (8)

aila;=at @) '=1- ‘o)aa<o

where the vacuum state projection operators ‘o)i,‘,(o‘ and ‘o);,;{o‘ can be
obtained from a;0)u(0| = 0 and bjoym(o| = 0, namely (Yu er al., 1996)

0 —1)" 1+ n n(n?-%—n—l) ;1
[0Yato] = ,;0( He En](fql), Loi=12 9)

0 —1)" b1+ n -1 n(n;’-%—n—l)b?
loYanto| = ZU( Lb0) [(:] f’) (=12 (10

qs:

The g,s-deformed SU(1,1),,, group has three types of unitary irreducible
representations (Jing and Cuypers, 1993): a positive discrete series (a), a
negative discrete series (), and a continuous series which we do not consider
here. The generators of the ¢,s-deformed SU(1,1),, group can be obtained
from the combination of inverse operators:
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UH =) eH, YT =ar'a! (11)
HT = IVD TV T = (VT DTIVE+ DT (12)
and
T =btr, DT =D e (13)
)= =D WD =i+ DT W+ DY (14)

where we have defined the following relations:
N) ' =al@hH, Wi+ DT =@hH e G
(NHT'=btoHT, W DT =0eh T G

1,2) (15)
1,2) (16)

It is easy to find that
sTIIED) IO T — (U T = T2 T e T (17)

Therefore a nonclosed g¢,s-deformed SU(1,1), , group is constructed; we call
it the quasi-SU(1,1),,s group.

The two discrete unitary irreducible representations |/, r)* and |/, r)” of

the SU(1,1),,s group are, respectively,
Ly =lr—1— 1R +0°  (r=—1>0) (18)
Lt =|-r—1-1YQ|-r+1 =1<0) (19)

These irreducible representations are infinite dimensional and depend on the
quantum numbers / = —1/2, —1,.... The action of the quasi-SU(1,1),
group generators on the elements of the irreducuble representations (18) and
(19) is given by

1\ —1 a — 1 | _ a

7N : \Xr BT I, r — 1) (20)

_ 1 |

UL ) = Lr+ 1) 21

U2k s it Y @)
1 a —- [r _ Z]‘l“'[r + Z+ 1]‘” — [r + Z]ll‘\'[r _ Z — l]dl\' a

VoI =0 Do lr + 1+ 1dr —Dolr —1— 13, 277 @2

and
57Ny

_ S | b
= Lr—1 23
N=r =l =7 + 1+ 1]t ) 3)
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7Ly
— h) | b
Ny e =LA @
o) |, Y’

[—r == g =r + Nyt = [=r = gt [=r+ T+ 1!
20—r =1 = 1y =r + Ny [ —r = Ny~ [—r + 1+ 14!

(25)

The coherent states of the irreducible representation for the quasi-
SU(1,1),,s group corresponding to the positive discrete series (a) and the
negative discrete series (b) are, respectively,

12y = D71, 1y

o —1 [ =20 — 1],
,A:Z_z (I +r)! \j+ Flgs! [r — 1 = 14!
2yt = 071,

- 1 [ 12—,
rZ] (Z - }")' V— r]q‘\,*ll [_}" — ] - 1](1‘\'71!

(S—IZ)H—I‘ Z, r>a (26)

(s2)!7"1, 1KY (27)

Their normalization coefficients are

_ [_21 _ 1](1\'
4 = Z 0+ DL+ Ay [ — 1 — 1]

(1P (28)

[—2] = 1]g!!
Z((l_l’)') [ = rlgt [—r = 1 = 1]

M) = (lszPy— (29)

Using the method proposed by Yu et al. (1997a, b), we can obtain the
completeness relations of the quantum states ‘lz)” and |Iz)" as follows:

i(p")‘ljm%d22=1, L) F—)ﬂ—l =1 (0

Mi(|z[")
We now define two state vectors in the space of the irreducible
representation

=5 clint =3 31)
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We get
-2
S
Z a
(=21 + z dldz)(1/2)(z dld2)[z didz],s G
i Cr
,.ZZ_] (L4 r+ DU+ r 4+ g [r — Ny
/ [—27 = 1! 1 —1 N+t
X ' 32
= -1t D (32)
2
S
- - — (10
[—2] + z dldz)y™! (1/z) (z dIdz) [z dldz)4s™!
AU+ DU = L [ = Ly
[ =20 — 1,1 .
X ' 33
e — 1 — 1], 62 (33)

On the other hand, we also have

oy = 3 ey

©

ct
B ,~:Z—] (1 +r+ 1)' [Z +r+ l]qx [V - l]q‘\'

/ [27 = 1g! =1 o=l \I+r¥l
X O — 1 — 1 s (s 2) (34)

qs-:

P = 3 R
=1

—o0

c?
=2 (I—=r+ DI —r+ 1]

—r = g™

/ [Z27 = 1]y, I—r+1
N et = = 1 s(sz) (33)

From Egs. (32)—(35), we have the inhomogeneous inverse differential realiza-
tion of the operators (J%) ™' and (J%)™):
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S_2

[—2] + z dldz)gs (1/z2) (z dldz) |z dldz]ys

2
S

Bl =

Bi((J5) ™ =

[—2] + z dldz)gs™! (1/z) (z didz) [z dldz)4s!

Similarly, we can obtain

‘@

_ * (6F] / [—27 — 1]g! - (S Z)H—z
=10 N+l r—1— 11,
d

:_(l Z a
)

a ZZ—‘(JS —l‘qul
* C” — ”q\ [}’ +I1+ 1](1\ — [}’ + Z]qx [}’ e 1]"“')
“quwwr+nwv+1+uw[—ﬂwv—l—ﬂw

—2] — 1](1\' 1

S
V-ﬁ-r — q\( g

)]+l‘

= é lzdldz = 2l)y [z dldz + 1)y — [z dldz)ys [z dldz — 21 — 1]}

X 1
2| =21+ z dldz)(1/2) [ =21 + z dldz)s(1/2) [z dIdz]4(2) [z dIdz] 4
G0
e

= v Cf / [_21 — 1](1‘\'71! 1
& =r =1 Vet ir = 1= 1

= dld="(I3V)"

PR Ny

_ e (zr =l =g [ mrt gt —[—r — g [—r+ 1+ 1g™h)
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(36)

(37)

(3%)

(39)

(40)

A0 = —r—=1—=1)y [—r+ Ng [ —r =g [—r+ 1+ 1!

y | [—20—1], =
V-t t=r = 1= 1,71
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N =

[—21+ zdldz — 1]y~ Y[z dldz) 4™

— =21+ zdldz]g |z dldz + 1]471}
% 1
z[zdldz — 214! (1/22) lzdldz)ys\(2) [z dldz)ys [ =21 + z dldz] 45!
X P2y (41)

Therefore we get the inhomogeneous inverse differential realizations of
VO™ @9, ()7 and (J5) ! in Bargmann space, respectively:

BH((J4) ™" = dldz

BH(J8) ™) (42)
= % [z dldz = 21|z dldz + 1]y — [z dldz)|z dldz — 21 — 1],
% 1
Z[ =21 + z dldz](1/z)| =21 + z dldz]4(1/z)|z dldz)ys(2) [z didz]ys
(43)
BN(JD)™Y = dldz (44)
BI((J)7H
= % {21+ zdldz — 1]y~ [z dldz]4s™!
— =21+ zdldz)ys Yz dldz + 1471}
% 1
Zzdldz — 21](151(1/22) [zdldz)ys™\(2) [z dldz)ys™ [ =21 + z dldz)4s™!
(45)

From the above discussion, we conclude that Egs. (36)—(37) and (42)—
(45) are the inhomogeneous inverse differential realizations of the ¢, s-
deformed quasi-SU(1, 1), group.
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